Wavelet Packet Analysis was used to measure the global scaling behaviour of homogeneous fractal signals from the slope of decay for discrete wavelet coefficients belonging to the adapted wavelet best basis. A new scaling function for the size distribution correlation between wavelet coefficient energy magnitude and position in a sorted vector listing is described in terms of a power-law to estimate the Hurst exponent. Profile irregularity and long-range correlations in self-affine systems can be identified and indexed with the Hurst exponent, and synthetic one-dimensional fractional Brownian motion (fBm) type profiles are used to illustrate and test the proposed wavelet packet expansion. We also demonstrate an initial application to a biological problem concerning the spatial distribution of local enzyme concentration in fungal colonies which can be modelled as a self-affine trace or an 'Enzyme Walk'. The robustness of the wavelet approach applied to this stochastic system is presented, and comparison is made between the wavelet packet method and the root-mean-square roughness and second moment approaches for both examples. The wavelet packet method to estimate the global Hurst exponent appears to have similar accuracy compared with other methods, but its main advantage is the extensive choice of available analysing wavelet filter functions for characterizing periodic and oscillatory signals.
Introduction
The wavelet transform is a mathematical technique which is useful for numerical analysis and manipulation of both one and two-dimensional signal sets. The transform operates like a microscope for detail examination by partitioning the signal into different frequency components mapped to coefficients having different energies [1] . The wavelet decomposition therefore provides information about how energy depends on position and scale. The resolution scale can be changed to focus on local features by applying a set of specially constructed 'filters' which transform (dilate and translate) the input signal in an iterative scheme. This approach is not unlike traditional Fourier series expansions of functions using sines, cosines, or exponentials, although a linear combination of wavelet functions is used to represent the signal function f(i). Wavelets attempt to avoid inherent difficulties with the spectral approach such as lack of convergence, and offer a class of flexible functions with prescribed smoothness which are well localized with respect to position and frequency.
Previously the wavelet transform, has been used for the characterization of fractal [2] and multifractal signals [3] [4] , turbulence data [5] , branching of diffusion-limited aggregates [6] [7] , and spatiotemporal time series analysis [8] . This paper presents a new scaling relation to derive the global Hurst 'roughness' exponent from the slope of decay for the size distribution of coefficient energies calculated from Wavelet Packet Analysis, WPA [9] [10] [11] . It should be emphasized that the wavelet transform is thought to provide a statistical mechanical description [7] of the construction process for feature-to-coefficient mapping into the best basis which represents the collective mapping with lowest information cost [12] . Here we compare WPA with several alternative measurement methods for characterizing global statistical properties of 1-D self-affine signal profiles.
The organization of this paper is as follows. Section 1.1 defines the scope of this investigation while Section 1.2 reviews the importance of the homogeneous global self-affine exponent. Section 2 presents the biological background and rationale for applying WPA to examine spatially non-uniform enzyme patterns in biological systems. Section 3 details the mechanics of applying WPA to characterize self-affine signals. Section 4 details how to practically expand synthetic and stochastic self-affine signals to quantify the Hurst exponent. Section 5 defines the power law behaviour for the wavelet packet best basis, while Section 6 reviews the issue of finite size effects which impact on the accurate description of short signals. The results for WPA compared against three alternative methods are presented and discussed in Sections 7 and 8. The methods for enzyme detection and fungal growth are provided in Appendix 1.
Scope of the investigation
The accuracy and reliability of four different methods to characterize the profile irregularity of short 1-D signals was examined by testing each method against synthetic self-affine profiles which have a prescribed Hurst exponent. We do not consider multifractal signals, nor do we examine 'local' scaling properties at intermediate length scales. The purpose of this paper is to introduce WPA as an additional method to quantify the homogeneous or global 'monofractal' [13] behaviour of self-affine 1-D signals by estimating the Hurst roughness exponent. We comment briefly in the discussion on another multifractal approach, in particular the wavelet transform modulus-maxima [e.g. [4] [5] and how the WPA method presented here could be improved to estimate local scaling trends. Details for calculating the local H exponent to estimate possible multifractal behaviour of self-affine 1-D signals using WPA is given in Appendix 2.
We also demonstrate the potential of this technique by quantifying the self-affine irregularity of greyscale elevation line profiles which had been extracted from digital images of spatially distributed data. We point out that all stochastic 1-D signals examined here were obtained from 2-D images captured using image analysis, and the synthetic fBm type profiles were of length, L=512. Short signals where L≤512 were chosen in order to more closely mimic those which can be experimentally extracted using image analysis (i.e. with a 512x512 pixel resolution framegrabber and CCD-camera).
We briefly review other studies which have investigated the self-affine properties of short signals (L<1024) in Section 6.
Importance of the self-affine exponent
Statistical properties of selected one dimensional profiles were examined to characterize how the point to point signal distribution scales and fills the available space. Self-affine fractal objects are invariant under an affine transformation [14] . The stochastic surface roughness was investigated with 
. This has a
Gaussian distribution with variance [15] averaged over many realisations of V i H ( ):
In one dimension, it has been shown [15] that equation (1) 
An obvious property which can be examined for each fBm-type profile walk sequence is the degree of correlation between adjacent regions. Since H ∈( , ) 0 1 and 0<H<1, three types of behaviour can be identified. Short range antipersistent correlations (H<0.5) are typically characterized by peaks followed by troughs in an alternate sequence; random fluctuations (white noise H=½) are uncorrelated, while long-range correlations (H>0.5) are persistent and display some form of 'memory'.
Biological background
We examine several numerical methods which estimate the global Hurst exponent to index the nearest neighbour statistical distribution of enzyme concentration in spatially extended fungal colonies. Details of colony growth and enzyme detection are given in Appendix 1. Fungal colonies develop from locally interacting cell systems which express exo-enzymes, such as laccase to breakdown substrate constituents. Exo-enzyme secretion is known to occur principally via the hyphal tips, and different substrate compositions (concentration of the carbon source, or the presence of paramorphogens which influence branching) induce the formation of macroscopic patterns of enzyme activity with very different spatial scales. For example compare figure 1(b) with (h). These are examples of a reacting chemical system [16] where signal transmission from the extracellular environment effects intracellular biochemical events. Diffusive transport in turn gives rise to macroscopic aggregating bands of enzyme activity (figure 1(e) and (h)). This study therefore introduces a possible experimental approach to the question of morphogenetic regulation of cell growth and differentiation and how this is related to biochemical synthesizing systems and their spatial organization. This biological example belongs to a class of more general chemical feedback problems which generate spatial patterns via chemical diffusion, oscillations, travelling waves or multistability [16] [17] .
The WPA method is used here to characterize correlation properties in the spatial ordering of biochemical concentration, visualized as one-dimensional fBm-type profiles, termed 'Enzyme Walks' in these biological systems. The WPA method extends the experimental techniques previously used to detail the acid phosphatase enzyme system [18] [19] . Here, deposition of the reagent, 2,6-dimethoxyphenol [20] was used to reveal sites of the extracellular enzyme, laccase (benzenediol:oxygen oxidoreductase, E.C.1.10.3.2) -which formed a rough interface with distinct concentration regions of enzyme activity. We analyse the pattern of spatial distribution of laccase concentration, and measure its roughness exponent, H using all four methods. Self-affine biosequences for acid phosphatase had previously been analyzed by an alternative scaling method (Fast Fourier Transform [18] ) to empirically describe cellular information processing with respect to enzymatic complexity and percolation threshold phenomena [19] occurring in biochemical systems.
Figure 1
Digital line profiles were extracted using computerized image-analysis to investigate macroscopic biological pattern formations which develop from in vivo enzyme expression of whole fungal colonies [18] [19] . Colony growth is radially symmetric outwards from a central plug inoculum, and occurs by repeated branching of vegetative filaments called hyphae shown in figure 1(a) . The structural development of morphology during early colony growth is very similar in appearance to the off-lattice Eden cluster growth network [21] . In many fungi, laccase enzyme is involved with catabolic degradation for active maintenance of nutrition [22] . Typically, a series of linear line profile functions are obtained f z i , i=1,2,...,L which can be described with a dual coordinate system indexing position i of length L along the x-axis versus enzyme concentration measured as grey-scale Intensity amplitude (z-axis) in Hue, Saturation, Intensity (HSI) colour signal space. The global quantitative description of the irregularity (or 'jaggedness') observed in these profiles was solved by estimating the self-affine fractal dimension with the Hurst exponent [18] , and is similar to the numerical methods used to quantify 'DNA Walks' [23] and heartbeat interval fluctuations [24] .
This experimental approach to describe scale invariance in spatially extended systems has popularly been termed a 'statistical mechanical approach' [24] , in that micro-level scaling correlations are thought to impact on macro-level structural patterns. This viewpoint shares common features with adaptive walk models on fitness landscapes [25, 19] and the emergence of self-organized criticality [26] to explain a possible mechanism underlying such patterns of fluctuation activity.
Wavelet Packet Transform Analysis

Mechanics of applying Wavelet Packet Transform to self-affine signals
The wavelet transform partitions a signal with respect to spatial frequency [10] . This is achieved by filtering the signal with a pair of dyadic orthogonal filters termed a quadrature mirror filter (QMF) which operates according to subband coding [27] . This is a multiresolution scheme [10, 28] which separates the signal into coarse and fine multiresolution components using a low pass filter to obtain successively blurred versions of the input signal, and a high pass filter to select the high frequency component. Figure 2 illustrates the 'pair-family' concept of wavelet filter functions. For the Haar (d2) wavelet, the low pass filter, often notationally defined as the 'father' wavelet φ is the scaling function and integrates to one, while the 'mother' wavelet ψ integrates to zero. Other filter properties It should be emphasized that equation (4) allows many possible combinations of wavelet packet functions to be selected in order to optimally characterize the signal. This contrasts with the more general wavelet transform (DWT) [29] [30] [31] [32] used to analyze fractal signals where the wavelet functions are fixed at discrete resolution levels.
The Wavelet Packet Transform and Adapted Waveform Analysis for 1-D signals
The objective of WPA is to create a binary tree decomposition of the signal into a set of energy levels, called "octave" windows [9] where the frequency domain has been divided logarithmically [33] . During the segmentation, each scale retains the dominant signal features while minimizing the wavelet coefficient amplitude of their representation. Because the wavelet packet coefficients contain information about the energy magnitude contribution for each discrete feature in terms of scale, frequency and position, this provides a robust method for feature and singularity detection. It is notable that determination of the singularity spectrum of fractal functions by wavelet analysis provides a microscopic statistical description of the scaling behaviour in terms of thermodynamic energy functions [7] . Convolving the signal (subsampling) at each iteration by keeping only every second point makes the expansion into the wavelet packet best basis finite [10, 34] . Each transformation into the next level is an energy conservation process, and the total energy is considered to be the sum of all the individual energies mapping out the feature fluctuations. The input signal can also be rebuilt via upsampling and summing combinations of coefficients.
By choosing a set of mother and father wavelet functions (a QMF) with known oscillation index, one can decompose an input signal to create a wavelet packet table. Figure 3 shows the wavelet packet table created using the d4 wavelet function for an input fBm-type signal with L=512 and theoretical H=0.2 which had been created with the midpoint displacement method [35] . Each resolution level, m has 512 coefficients and is subdivided into blocks which contain the wavelet packet coefficients with an oscillation index b=0,1,... have an oscillation index b=2 m -1 and contain the high frequency, detail coefficients. Notably, the wavelet packet table is a redundant approximation of the signal and for an input signal of L=512 the table contains (M+1) x 512 coefficients. For a signal of L=512, M is equivalent to the total number of resolution scales, m -which in this case is eight. We can now select a subset of coefficients from the wavelet packet table to create a unique, orthogonal wavelet packet transform.
Figure 3
To select an optimal transform of bases from the wavelet packet table, the best basis algorithm of Coifman and Wickerhauser [12] was used. This algorithm is adaptive in that it minimizes a cost function by finding the minimum entropy for coefficients [10] which belong to the best basis. To emphasize the superiority of the wavelet packet transform (WPT) best basis method which is fundamental to WPA for signal approximation compared with the more common discrete wavelet transform (DWT), we decompose the input signal used in Figure 3 We then combine these coefficients into a single listing, and estimate the power law decay of sorted coefficient energies to determine the homogeneous Hurst exponent (following the protocol described in Section 4.1 and 5).
Figure 4
4. Computation of the Global Hurst exponent using WPA
Application to short synthetic 1-D profiles
Synthetic fBm-type, one dimensional profiles were created at L=512 pixel length using the midpoint displacement algorithm [35] . The method of Wavelet Packet Analysis [9] [10] [11] , was used for wavelet analysis of fifteen test profiles each with predicted H=0.3, 0.5 and 0.7 respectively. An example profile for H=0.3 is shown in figure 5 (a). In addition, H was estimated using the root-mean-square roughness (RMS vs. L) method [35] and growth of 2 nd moment, and growth of local 2 nd moment [36] .
The Daubechies two (Haar), four, six and eight (d2-d8) compactly supported wavelet functions [9] shown in figure 2 were used to expand the source signal into a binary tree consisting of multiple resolution levels. These filters were also applied to fifteen 'Enzyme Walk' profiles at two magnifications to assess the utility of higher order wavelet functions on accuracy. Each successive level of the expansion represents the signal using a greater number of nodes but a decreasing number of coefficients. The best basis was selected for reconstruction using the Shannon entropy criterion [9] [10] [11] . Reconstruction in this way encodes most of the important signal information onto the coherent subset and leaves the degenerate portion of the signal (i.e. noise) mapped onto the residual subset.
The best basis wavelet coefficients were used for synthesis of the reconstructed (coherent) signal via upsampling and summing of both the approximate and detail coefficients generated from application of φ and ψ respectively. Another best basis, called the wavelet best basis can be extracted from the coherent signal and was used to derive the Hurst exponent. The wavelet best basis coefficient subset, C n m of the reconstructed signal after expansion (dilation by a scale term m, translation by a frequency term n) [11] was retained as data vector 1 and sorted into decreasing order of magnitude following:
... , ,...
A log-log plot of this relationship was constructed and a least squares linear regression was fitted to determine the slope, δ which indexed the sequential variation in scaling amplitude. An example is shown in figure 5 (a) and (b). The mathematical rationale supporting this statistical approach is discussed in Section 5. This format for wavelet data correlation allows for empirical estimation of the energy decay rate which is associated with the wavelet coefficient series for the different signals and is similar in operation to a Fourier transform spectrum of 1-f type signals [28] .
Figure 5
Application to short 1-D 'Enzyme Walk' profiles
Biosequence profiles of laccase enzyme activity were extracted with L=256 from three day old surface grown colonies of the fungus Pycnoporus cinnabarinus, using a previously developed transmitted light imaging technique [18] and enzyme detection protocol [37] . The framegrabber hardware had a spatial pixel resolution of 512x512 which was equivalent to a screen pixel resolution 
Power Law Scaling
The observed scaling between discrete coefficient energy magnitude and position is modelled in a sorted listing using the Korcak number-size frequency distribution power law [38] . This shares a similar mathematical formalism to the Pareto distribution [39] 
The Hurst exponent parameter H is bounded by 0<H<1 for a graph of the function with a least squares linear regression fit through the data points. Since the slope exponent in (8) and (9) is equivalent to -(1+H), the Hurst exponent may be determined from the rearrangement of terms:
By sorting the coefficients C n m into decreasing order of discrete energy ε following:
one can include best basis coefficients up to a particular energy value E which is the cutoff in equations (6) and (7). Therefore all included coefficients having discrete energies ε will be ≥E. It was found that for the d2 wavelet, the cutoff for smallest E was to reject coefficients having discrete energies ε ≤ ∼0.25. This was necessary when using WPA for analysis of both fBm-type profiles and the Enzyme Walks. For higher order wavelet filters such as d4, d6, and d8 the cutoff E was equivalent to including all non-negative coefficient energies.
Finite Size Effects
We review a series of practical studies which have experimentally determined the Hurst exponent on relatively short signal lengths and comment briefly on these published results in the context of the WPA data presented here. It is well known that the global self-affine exponent converges towards a more stable value for long (L>1024) 1-D signals [13] . These authors emphasize that no one method provides robust estimation of H across the possible range H ∈0 1 , , and that generally profiles with finite length (especially L<1024) are difficult to empirically measure. However notwithstanding this finite size effect, if a restricted range of self-affine exponents is observed in practice then the intrinsic errors associated with a specific algorithm can be diminished by large statistical sampling and the use of multiple methods to confirm the observed H estimate [13] . In another recent experiment [32] , the discrete wavelet transform using the Haar basis was applied to 256 realisations of fBm increments of L=128. Summary data were only given for simulations using L=512 and our results using WPA (see Table 1 [45] . Finally, the growth of rough surfaces with random deposition and surface diffusion was explored over various lengths, and the data suggest [46] good agreement with scaling convergence observed between L=120 and 450.
Results and Discussion
For our simulations, fifteen samples of fBm (L=512) were created by iterated midpoint displacement for each of the following exponents: H=0.3, H=0.5, and H=0.7. The RMS vs. L, global second moment, local second moment and WPA algorithms were first tested on the simulated fBm signals.
The resulting mean, standard deviation and coefficient of variation and corresponding standard deviation estimated by each method are given in Table 1 . This table also shows the estimated H exponent when the WPA algorithm was implemented with the Haar (d2) basis and then with higher order Daubechies filters -d4, d6, and d8. Table 1 exponent although the application of higher order wavelet filters which have a greater number of vanishing moments appears to increase the accuracy of the returned exponent. This is consistent with [29] , although it is important to point out the following possible caveat on this. Reference [32] applied the DWT to estimate 1-D fBm signals with d4 and d16 filters. It was shown that higher order wavelet filters can be successfully applied to estimate spatial correlations. However, higher order (i.e. d16) did not always result in faster decay of coefficient energy. In fact, excessively high order often showed a variance bias by excluding fine feature details. Further work with WPA will need to address the issue of wavelet filter order on accuracy. Considering the four wavelet filters together, for increasingly smooth signals (i.e. H=0.5 and H=0.7) the least-squares regression line more closely follows the power law scaling proposed in equation (9) In contrast, the WPA approach introduced here was intended to characterize 'global' scaling behaviour. However, the best basis signal approximation contains all the relevant information needed to examine local correlation trends. We can extend the application of WPA using equation (9) to operate on lagged subsets of the best basis to estimate local positional correlations. A WPA method is developed to address this important issue, for multifractal and 'local' signal characterization in Appendix 2.
Conclusion
We have established a scaling relation for signal analysis using a wavelet packet best basis. This enables computation of the global monofractal Hurst exponent from the decay rate of coefficient magnitudes using different wavelet filter functions. The robustness and accuracy of this approach compares favourably with alternative methods for detection and measurement of the affine exponent for signals of different length. This has been illustrated using both deterministic fBm-type profiles, and those derived from a stochastic, biological system. This paper has introduced the application of WPA to the analysis of short (i) simulated fBm-type 1-D profiles and (ii) stochastic 1-D profiles which developed in a biological enzyme system where visualization of the discrete spatial locations of local enzyme concentration was a function of a chemical deposition process. We found that for 'Enzyme Walk' profiles, the decay rate of the WPA best basis coefficient energy magnitude (using wavelets d4, d6, d8) in a sorted vector scales with a mean H exponent of 0.369 ±0.064 at low magnification (ALL). By doubling the magnification (increasing system size) and examining the scaling over one half of the colony (HALF) to explore the influence of radial symmetry on the enzyme distribution, we find a mean H exponent of 0.348 ± Acknowledgments The first author would like to thank Professor M.V. Wickerhauser for useful discussions which prompted this work. We gratefully acknowledge the comments made by the reviewers.
Appendix 1.
Laccase enzyme detection
The reagent (total volume 100mLs.) contained 100mM. sodium tartrate (Sigma) at pH 5.0 and 1.0 mM 2,6-dimethoxyphenol (Aldrich Chemical Co.). The reagent mixture used to detect laccase enzyme [20] was present in excess and was deposited via capillary (1.85mL.) onto the surface of the fungal hyphae from underneath [19] . The oxidation reaction of the methoxy-substituted monophenol, 2,6-dimethoxyphenol is shown in figure A1 . Several colonies were grown on 0.2 µm pore-size polycarbonate membrane filters overlaid on Malt extract agar (Oxoid) following previously described methods [37, [18] [19] . Each whole colony was reacted with this reagent at time zero, at 37°C
and periodic image-analysis was performed after 120 minutes. Laccase is secreted extracellularly 
Computation of 'local' multifractal scaling
We approach the question of computing a local Hurst exponent, H local using WPA in the following way. The best basis coefficient listing in raw format can be unsorted or sorted. For the unsorted coefficient list, the coefficients in each node are listed in natural, Paley order [9] [10] which is in the order in which they were generated. By looking at the wavelet packet table (see for example at each lag is also retained. One then sorts the best basis coefficients for each lag versus the lagged coefficient index positions, N in descending order of magnitude following equation (6) . The local scaling exponent for each lag, H local can then be estimated from equation (9) . We illustrate this process on a synthetic 1-D fBm-type signal where the theoretical H global =0.7 and L=512 (Table A2 ).
The signal was decomposed with the d4 wavelet. Table A2 .
The mean H for lags 1-16 using WPA was 0.626 ±0.149, r 2 =0.870. This result can be compared with the local second moment technique which returned a mean H=0.629 ±0.254 , r 2 =n.a. for a defined lag=64 according to the method of [36] . Future work will explore the application of WPA to estimate 
Figure 5
Wavelet-based analysis of a sample fBm-type profile (L=512). Graph of deterministic function with Oxidation of 2,6-dimethoxyphenol to an orange/brown dimer, 2,5,2 ' ,5 ' -tetramethoxy-pdibenzoquinone to measure laccase activity [20] . Table A2 .
Multifractal analysis of a sample fBm-type 1-D signal with theoretical H=0.7, L=512. The Hurst exponent is shown for different lags. 
